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Abst rac t - -The  aim of the present problem is to investigate the efficiency of the Adomian method 
for the solution of nonlinear and complex equations in random medium. Here the problem is in 
connection with the investigation of mean and variance of the displacement distribution in a system 
of elastic bars of finite length with Young's modulus varying slightly linearly and randomly from bar 
to bar due to t ime dependent displacement input at one of the ends, the other ends being kept fixed. 
Laplace transform on t ime for small random variation in Young's modulus is utilized and a truncated 
series solution of the wave problem in the line of Adomian technique is achieved. The effects of 
randomness on the elastic wave motion for three particular cases of different continuous probability 
distribution of the random variable have been discussed. @ 2004 Elsevier Ltd. All rights reserved. 
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i. INTRODUCTION 
The elastic wave propagation in nonhomogeneous media has been investigated by many re- 
searchers. The solution of longitudinal propagation of elastic disturbance in a medium for linear 
variations of elastic parameters was obtained by Dutta [1]. Vasudeva nd Bhaskara [2] considered 
a problem on propagation of a pulse in a nonhomogeneous elastic rod with varying cross-section. 
Wave propagation i an elastic nonhomogeneous bar of finite length with variable Young's mod- 
ulus was discussed by Lindholm and Doshi [3]. All these investigations are of deterministic type. 
Recently, the problems on wave propagation i continuous media having randomly varying elastic 
properties have been discussed by some researchers. Keller [4] discussed problems on wave motion 
in random media in geometrical optics, considering small random variations in homogeneity of 
the medium. 
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Two kinds of methods--honest and dishonest--have b en utilised in problems. In the honest 
method, a series solution for the displacement u(x, a, t), where x is the space coordinate, 't' the 
time, and a a parameter ranging over the probability space S with probability density p(a), 
is determined at first for each value of c~ and then its mean value and other statistics uch as 
variance, etc., are computed. 
In the dishonest method, randomness i considered before determining u(x, c~, t) and some 
assumptions with sufficient reasons are made about the statistical properties of the random wave 
motion. Following Keller [4], Singh and Singh [5] studied a similar problem in viscoelasticity 
considering slight random variations in viscoelastic properties. Later, Roychaudhri and Sain [6] 
considered a problem on wave propagation i semi-infinite lastic rods of randomly varying cross- 
sections. Then Roychaudhri [7] discussed a problem on wave propagation i a semi-infinite lastic 
bar with randomly varying elastic modulus. In another paper, Roychaudhri and Banerjee [8] 
discussed a problem on wave propagation i  elastic bars of finite length with randomly varying 
Young's modulus utilizing 'honest method'. 
In the present discussion, the 'honest' method is utilized to obtain a truncated series so- 
lution employing Adomian method for the mean and standard deviation of the displacement 
distribution--on large sample of elastic bars with Young's modulus varying linearly and ran- 
domly from bar to bar due to time-dependent displacement input at one of the ends of the 
bars, the other ends being kept fixed. Three different continuous probability distributions of the 
random variable are considered to observe the effect of the randomness on the wave motion. 
2. FORMULATION OF THE 
PROBLEM:  GOVERNING EQUATIONS 
Elastic bar of finite length l, cross section A, material density p, and elastic modulus E(x, a) 
are considered. A and p are constants and are deterministic n nature, but the Young's E(x, 5) 
vary slightly and randomly from bar to bar. E is taken as a function of x and a parameter c~ 
which ranges over a probability space S with probability density p(a). The rods are subjected 
to a displacement input at one end x = l, and the other ends x = 0 are kept fixed. 
The governing equation for the longitudinal displacement u(x, t) of one such bar is obtained 
as in [7] for the solution of the present problem 
0-~ = pA 
with the initial conditions 
and boundary conditions 
u(x, O) = 0 = O~t t t=o (2.2) 
t) = .0H( t ) ,  at  x = Z, (2.3)  
= 0, at x = 0, 
where ~0 is a constant and H(t) is the Heaviside unit function. The randomness in Young's 
modulus is assumed in the form 
E = Z(x, 5) : E0 + eEl(X, ~), (2.4) 
where E0 is a constant and El(x,c~) is a bounded function Of x and c~. The parameter c~ is 
supposed to be very small in view of the fact that the Young's modulus is of random nature with 
only slight variations. 
Substituting equation (2.4) in equation (2.1) and taking Laplace transform on time in the 
resulting equation, we obtain 
~dEld~( .  + 1 + -----~ ) d2~2 s2 = - -  u,- (2.5) 
Eo" dx dx Eo E1 dx 2 c 2 
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where c = (Eo/p) 1/2 is the longitudinal elastic wave velocity in the bar and s is the transform 
variable. " 
3. APPROXIMATE SOLUTION BY  ADOMIAN METHOD 
As e/Eo is very small, equation (2.5) can be written to the first order of oleo as 
dx-----~+ ]~-~oE1 ff_,o -~x dx-c--- ~ 1-~00E 1 g :0 .  (3.1) 
Boundary conditions (2.3) now reduce to 
/'/0 =0,  a tx=0,  and ~2=- - ,  a tx=l .  (3.2) 
8 
Let us now assume that 
El(x, c~) = Elo.x f(c~), (3.3) 
c~ 
where El0 is a constant. 
To solve equation (3.2) by the Adomian method, we write the equation in the following form: 
L~2 + R~2 = 0, (3.4) 
d 2 where L = ~ is an invertible linear operator, and 
d 8 2 
/~=al~xx- -~(1 - -a lx ) ,  (3.n) 
with 
From (3.4), we can write 
where L~ = 0. This gives 
Elo l (3.6) 
Lg = -Rg, so that 
g=~_L_ l [Rg] ,  (3.7) 
~:CI - J -C2X~ 
where cl and c2 are constants. We assume the solution decomposition as [9] 
(3.s) 
oo 
g = ~ ~,  with go = ~. (3.9) 
Then the components after ~2o can be written in the form 
"O,n+ 1 : -L-l[R'gn], n >_ O. (3.10) 
Boundary conditions (3.2) now reduce to 
t0=0,  at x=0,  and 
12 
G0 ---- - -  
8 
at z=L.  (3.11) 
From equations (3.8), (3.9), and  (3.11), we  get 
/20 
G0 ~--- ( f l :  -~X : b' lX , (3.12) 
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where  
yo 
/"11 = - - '  
sl 
From equation (3.10), we  can write for first order of ~/Eo 
~1 = -L-I(R~o), 
~1 =-  L -1 al dx 
82 _ olx oo}] 
~)  82 X 3 S 2 X 4 
e2 = -L-I(Rs1), 
ys2~2 x° y£~2 x° 
-- ke2]  a lP l~  <C2] (al//1)2-~[ ' 
Similarly, we can determine u3, ?/,4, and so on. 
Introducing the expressions for ul, u2, etc. in (3.9), we obtain 
~=.~ x+~+ ~ K,+.. .  
X2 [ 82 X2 (82)2 X 4 2 (8212 X4 ] 
-a l , l y  1+2.~.-3-~! +2. ~ -~.+3 ~7 ~.+""  +""  
~Oi~hC) oix~ (~o) (?) o~ (~o~ioh(?), 
= ls ---$ c - ~  -~ cosh -~\s2  l ]  




~o~,~): ~o • (~ • (~_~ (~ :)] v[(~+~)  ÷~) ~)~ - 
~i~,~): ~'°~° {~(~+~)+~(~+~)} --V- x/] +~((~+x) +~(~+~)_ (~_~)~(~_~) 
(-~) H t+ =0,  t<- - ,  e 
x =i,  t> -~, 
and 
(-~) H t .  =0,  t<- -  
X 
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4. COMPUTATION OF MEAN OF 
THE D ISPLACEMENT D ISTRIBUT ION 
Let us assume that the random variable a ranges over the probability space S with probability 
density p(c~). Then we can determine the mean displacement distribution in the system of rods 
as 
(u> = <Uo> + ~oo <uJ<f(oO}, (4.1) 
where the mean of f(x) is defined by 
<f> (4.2) 
Three  D i f fe rent  D is t r ibut ions  
(a) Let us take the random nonhomogeneous function f (@ in the form 
f(c~) - kc~, (4.3) 
where k is a positive constant and the distribution of the random variable x is given by the 
probability density function 
1 
p(o 0 = 2(1+ c~), - 1 < o~ < 1, (4.4) 
= 0, elsewhere. 
Here 
From (4.1) and (4.5), we obtain 
l k (4.5) <f> = f (~)p(~)  d~ = ~. 
1 
e k 
<~,> = ~0(~, t) + Eo~l(~, t).g, (4.6) 
up to the first order of s/Eo. 
In this case, we conclude from equation (4.6) that the effect of randomness defined by (4.3) 
and (4.4) on the wave motion is to multiply the nonhomogeneous part of the mean displacement 
distribution by the constant factor k/3. 
(b) Let 
f(c~) = ks, (4.7) 
where k is a positive constant and the distribution of the random variable a is given by the 
probability density function 
p(a) = 2(1 -- a), 0 < oL < i, 
= O, elsewhere. (4.8) 
Here, again 
and 
up to the first order of ~/E0. 
fO k (4.9) (1) = f (~)p(O0 d~ = -~, 
e k 
<,,> = ~o(~, t )  + o -~1(~'t) '='  (4.10) 
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Thus, from equation (4.10), we observe that due to the random variate represented by (4.7) 
and (4.8), the nonhomogeneous  part of the mean displacement distribution is once again multi- 
plied by the constant factor k/3. 
(c) Let us take the random nonhomogeneous  function f(c~) in the form 
f(~) : exp(-k  ~), (4.11) 
where k is a positive constant and the distribution of the random variable ~ is given by the 
probability density function of gamma type as 
Osn -- l e -- c~ / n 
p(a)  - r (m)n .  ~ , 0 < a < 0% (4.12) 
= 0, elsewhere, 
where m and n are positive constants 
// <1> -- f(~)p(~) d~ = (1 + k~) -'~. (4.13) 
In this case, the solution for the mean displacement is in the form of a truncated series up to 
the first order of S/Eo, and obtained as 
(u) = uo(x,t) + -~oUl(x,t)(1 + kn) -'~. (4.14) 
Thus, observing (4.14), we conclude that the effect of the continuous random variable de- 
fined by (4.11) and (4.12) on the propagation of wave in the system of rods is to multiply the 
nonhomogeneous part of the mean displacement distribution by the constant factor (1 + kn)-'~. 
5. COMPUTATION OF THE VARIANCE 
OF THE D ISPLACEMENT D ISTR IBUT ION 
From equation (3.17), we see that the approximate solution for the displacement up to the first 
order of S/Eo is 
u(x,~,t)=~o(x,t)+ E ~l(~,~)f(~). (5.1) 
This determined isplacement is a random function for each a with probability density p(a). By 
definition 
Wr(~)  = E[~ - <~>]2, (5.2) 
where E stands for the expectation of the random variate concerned. 
.'.var(u) = Eoo u~(x,t)E[f - <f}]2 
(5.3) 
Introducing (4.3)-(4.5) in (5.1), we obtain 
~ ~(~,t ) .  2k~ (5.4) 
var(u) ---- Eoo 9 
Inserting (4.7)-(4.9) in (5.3), we obtain 
var(u) = E u2(X't)"~" (5.5) 
Finally, from (4.11)-(4.13), we obtain 
var(~) = E ~(x , t )  [(1 + 2k~) -~ - (1 + k~) -~] .  (5.6) 
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6. CONCLUDING REMARKS 
The solution for the displacement u(x, ~, t) by the method of Adomian is very efficient, simple 
and new, and very easy to manipulate. The iteration techniques used elsewhere for the solution of 
similar problems is not simpler than this method. The determination of the inverse Laplace trans- 
form is far more complicated than in the present technique. Furthermore, it may be mentioned 
in this connection that the convergence is also very fast. 
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